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The inner region contains the particles when they are close
to the svllitron center.  Im this wvay the most rathemalically
compley part of the iaterattion is jxtlated Lo a finite region of
confaguraticn tpace, and the collision wave function therein can
be expressed in terss of a discrete, corplete set of basis furc-
tians. Ia tlir nuter infitiite regicon the enllisicn vave fundtion
hat itz asyrctetie forn gl (an he oblatned dairectly tioa the

axy=plntie Tl oed e coontaens Te o tara the scallering

watria Lene maner juas o are lithed oun Lhe boundary surface,
thruaph 3 uasni 20y talled the Rematrsz.

o the foiliayr | 2o v we will me? up the various mathe-
w3tanal TEvalt oty Whatl Lot lween progaoed wilsiin this overall

toncopt atd corpare thesr athemalaiai o ohe resoutational faceta,
2 Formauiats = oy Foteme, ol LRI

Monv of e st 00 atai: of Kematiax thoory can b
Al Srated 1y v st o oat a sanple-od el potontial seat-
LY

teran; prel - Feo wengne wgatllerin: Yo g alivte ran,t wesiral

Poloataal Ver o tne hrocctirag it noas

Let un atna o that at g s excellent nuaerical approximas
Lien le put V(1) = 0 for valueyr of r greater than sowe radius a.
T sphsacal surtace ¢ = o defanes thee K-matrix bouwalary.

Clearly an the extermal regien the solution is

FA 1) = sin ke ¢ K cos kr r>a (2.2)

vheie the phase shift 8 1s related to Lthe unknown K-matrix by K =
tan &, In the internal region we obtain a set of funclions

uA(r) ax solutiyens of
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satinfyving the B-ratr:x bosudary conhitions

uA(G) =0
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and thus the JTunztionn u, €00 conntitute o 0 pietle adivon ote et
A

in the topaen G o~ v < oal ke mayv thoesel:s s onpo? the e a0 g

kq. (2.1} ax:
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To obiain the creffiveny L") we oo L ber Vo
(2.3), & Tuapiv othen Ly 4y BT AR T O S R AT

thesr dotiorarn ¢ te abtan

The left hond waide of this cquation can be evaiuaied Ty licen's
i 3

Theorem to gave:

duy
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"A(') 4y Fer®,r) - (kA k7)) uy b dr (2.7)

0

From this cquation cne {inds immediately that should ve roplace F

s ] o
and k° by Uy and k3, where A 2 X', then the L.hos. s rero due



to Eq. (2.4) and tlus the set of functions u, are sutually orthog-

onal, and can be normalized to satisfy
a
ua(r) “A"') dr = & A (2.8)
0

Retwping: to Yoo (2.7) we have that

a
, u, (a) I'
MG = | w Far=). A LY L w (2.9)
J L u
kh -k l r=a
o -
B wee pow odr o i %Yy Remgtoii ,"'
- o
.‘Illi(.')l-
TR :2 R (2.10)
.a'|_" - '.."'
Al
then a4 v B 0 (200) and (2.7)
? - | M) (‘2 3y - -‘
L TVSE TS RO RIS PR LA § NPT (2.11)

dr

Fquatiacas 70 7 andt (2.11) pave w0 Whe gndejondint egprers=
$re-ic for the o0 e, Pauation (J.i0) s thatl it can Ye o exe
prescoed e e ef gquantities deteraceed solely fioa prejpeities
of the bFairain nel an the anterzal regiva. Further 21 says that
the intrradtzon o ths 1zn can be desorabed nolely ain terss
of ciprnener - and suriuce amplitudes, vithont reguaring explicit
kncwled=e of the wave functien, and that the enecrpy of inter-
action can be factored eut 3a a simple and explicit way. Equation
(2.11) gaves us another coxpr- ssion for the Rematrix in tewns of
the oxactl solution on the bhoundary. We can therefore use (2.10)
to oltyin a value tor R on the 1.h.s. of (2.11) and then use Eq.
(2.2) te ohitnan

= sin ki ¢ R(ks con ka = b sin_ka)

K=tun & = con ha ¢ hika sin ka ¢ b cos ka)

(2.12)



wvhicli can be rewritten as

_kakR

tan(d 1 ka) = T+ hb

(2.13)

Thus once we have R, tke K macrix, phase shift and related cross
section can be easily determined,

Pictorially we sce that in the R-matrix treataent we have re-
placed the continuum spectrum of the whole of configuration space,
Fig. 2a, by the discrete spectrem, Fig. 2b, in the internal
region.
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Fig. 2. R-matrix encrgy spe.tra.
3 Computation of the R-matrix

The main problem now is how to compute the Re-matrix given by
Eq. (2.10). Clearly we cannot deal with an infinite, albeit
discrete, sct of functions, and so0 as in most other atomic and
molecular computations we have to obtain a finite representation
of that set. In addition, it is not usually possible to solve

the original Schrocdinger equation exactly and so we must use



basis sets which satisfy seme lover order, but physicaly signi:i-
cant, equaticn. The dincussion in this section relates to these
tvo problem: and provides us an introduction to the practicalities
of solving the multichan:. 'l problem.

Two approaches have been adopted, the first has obvious
appeal to nezcrical integrators of vr-uled equations, wh:le the
gecoid is 3 nere natiiral cpproach {or analytic basis set manipu-

Jators.

32 Expanicn ia an Orthoronad Rewatrix Pasis

Let us cancider the eigenseluticne of seme sinpics derceorder

cquatien:

2

’
d-3 + Vofr) * ka\ V?ir) -0 (3.1)
dr® ) ' .

subjeot to Lhe mase bowioiory canditonn, (2.4)0 We pew appresinoate

the fii0c N eagesnelution. uA(r) ef . (2.3) by

N
uiﬂ)(r) = Z[, uii? Vz.(:) A=11, 5 (3.2)
At

m . .
wiaecre the expat.aen corftioicata C{A; are obtained by diagonalis-

ing the syroctiice malrix

“) ] fHe . . . . .
Myye = \.A\ - JRYCR] IS LY WO SRR (3.3)

s(.\:) .L'("-:) s(.\') - h(!:) (3.4)

2
is diagonal.

(N)

vhere !



. . )
We now procecd by auementing the N functions uy (r} with
) . 0 .
the zerc-order functlions \ (T}(A =N+ 1, ), For cunvenicnce we

denote this whole set by uA (v) and expand for the exact

solution as:

w
(84}
Nt

M7 Z REIP u‘{r:)(‘_) (

A=1

The analysis procecds as for Equ, (2.6) -hrough (2.11) where now

'v

we assume that the o) srator + V{r) 1« diagonal in ocur basis

ol ==

e
(\") v 1 1,

(I} ad3 asouwnplion i roducen sone ereor which hocever
bccO‘.:u;. sme ]l oas N o becomen larse proevidod ‘.‘0 is chiesen appropri-

ately.

Tu practice the contributson frem the hesatyix poles A= N 4

1, &« is added an by the nreees re o dne U Euitle {eg. ince the
~
zero-order Lo (3.1) cun be solved exactly ot the enerpy k5, wit?
. .0 . - 1 .
solution Vo, we can write the enact expren: ton for Lhe Resuteix

from Eq. (2.11) as
R =} B -k (3.0)
Nt

and the contr:bition frem the peles N = N+ 1, & s

/-

o
O |

a)
Z (3.7)

N 2
A= OA

1
This gives the total R-matraix withia the represeatition of states
(N)
r) as:
uy " (r)

IY 2

-\

N

ll) .

NE ;Z . Rgu) . (3.5)
(‘-)L

A-1 k



The effect of this finite sct diagonalization is shown in
Fig. 2c. The Hylleraas-Undheim Theorem tells us that the pole

positions in Figs. 2b and 2¢ must salis{y

2
) 2 :
Kook (3.9)
(N2 . 2 g
Clearly the lowest kh will converge on kA fastest with

increasing N, and so incident cnergics in their neighborhond will
be best repre:cated for smill N values. From Eqs. (3.8) and
(3.9) we see that R > R(") and so from Eq. (2.13) the approximate
phase shift 6N approaches the exact phase shift & from bhelow.
Such effective aminimum principles in the orthogonal basis R-matrix

methode are discussed in greater Jetail by Burke and Robb [3].

It is clcear that the computation of tte R-matrix in the
region 0 < r < a as described above has many features of obtain-
ing bound state configuraticn interaction wave functions. Namely,
one has to cempute a Homltonian matrix H in terms of some effec-
tive 'y finite range basis. Yhen one ceomes to considering such a
complex probhlem as electroin-molecule scattering it would be
foolish not to take advantase of the availusble bound state soft-
ware available to evaluate Hamiltonian matrices in terms of
arbitrary Slator=type=orbital (ST0) of Gaussian-type-arbital
(GT0) bases. We therefore consider the expansion of P(kz,r) in
(1) in terms of such a basis set.

Bloch [2] has shown that the eperator

2

—'-’-z- + V(r) + I

(3.10)
dr b

where

L, = 8(r - .)|§; - b] : (3.11)



is Hermitian in the region 0 €< r € a with respect to an arbitrary

set of functions. We therefore introduce a complete set of
functions uy satisfying

vty L+ ko) = 0 (3.12)

.2 Y Y :
r

These functions u\(r) may be expanded in terms of arbitrary

functions, since the Bleclh operator I varantees that the u, (r)
’ i A

b?.
satisfy the boundary condition (2.4) cven though the expansion
functions do nct. VWe may then proceed as in the previous section
to cvaluate the R-matrix and phase shift.

In contrzst Lo the method described in %3a the present ap-
proach may not require the inclusion of a contribution froa
distant levels to obtain reascuable convergence. The arbitrary
basis can be chouen essentially to cover the whele interior
configuration space and so the idea of "nearby" or "distant"

levels is essentially lost.

4 Hultichannel Elcctren-Atcm
and Electron Molecule Scatierip: Conciderations

4a The Methods

The most important and most difficult effects to be allowed
for in the interaction of an electreon with an N-clectron atem are
electron-clectron exchange and correlation. For the total (N + 1)
electrons these occurs within the effective radius a of the
charge distribution of the N-electrons. Outside this radius the
scattered electron experiences only Coulomb and/or multipole
momenl and centrifugal terms in the interaction. Since these are
reasonably weak and well behaved, solutions for r 2 a can easily

be obtained at most incident electron energies.



In tlic internal region, from what has been said above, wa
ideally should use bound-state confipuration interaction type
wave functions to decal with electron-eclectron exchange and corre-
lation. Generalizing our earlicr discussion of potential scat-
tering we define a basis set of functions within each nLS of

the (N + 1) electron system as

. .0
Y = A Zai'\k @, Vy(r) +Z bjk X, (4.1)

iA J
where the ¢i are functions representing the real- or pseudo-target
states of interest coupled with functions representing the spin
and angular motion of the scattered electron. The target states
themselves may be represented by C.I. functions constructed from
a bound orbital basis. The Vg are solutions of Eq. (3.1) with
somc appropriat~ zero-order potential, usuzally the static poten-
113l of rhe targel ground state. They represent the radial
totior { the scattered clectron for 0 2 r < a, and arc generated
tc be ~onal to thic bound orbitals of the same orbital anguiar
momentun. .4 is the antisyimmetrization operator which properly
antisymmeririses the (N + 1)-elcectron orbitals. The functions xj
are (N + 1)-clectron functions couastructed from the bound orbital
basis alone. They are included to com,.lete the function space
omitted by orbit. 1 orthogonality in the first term of Eq. (4.1),
and to allow for further clectron-electror correlation.

Since the basis orbitals satis{y the boundary conditions
(2.4) they form a complete discrete set of functions, along with
the bound orbitais, for each channel angular momcutum 2. The
functions ¥, are therefore a complete set of (N + 1)-electron

Kk
functions and we may expand the wave function at any energy E as

‘I‘E =Z Apk lI'k (4.2)



We obtain the AEk by substituting WE into the Schroedinger
equation

N+
att - k)W =0 - (4.3)
and writing a Greens equation s° lar to Eq. (2.6). Use of the
boundary condition (2.4) and the fact that all relevant integrals
reduce to those in the rN+1th coordinate (since this is the only
coordinate with finite surface terms) yielis the multichannel

forms of Eqs. (2.10) and (2.11) i.e.,

W..(a) W, (3)
y = 1 ik jk .
R;j(E) = 33 Z E - L (4.4)
k
and
| dF_ .(E,r) \ -
Fij(E'a) =Z Rin(E)\“I dr - bn Fnj(E’r)} r=a (4.5)
n
where
W, (a) =Z 2. Vala) (4.6)
A

The main problem remaining is the calculation of the Tk and Ek.
These quantitics allow us to define the "-matrix by Eq. (4.4)
and from Eq. (4.5) we obtain the multichannel K-matrix given
by Lhe wave function in the external region. Methods for deter-
mining this wave function have been adequately discussed {(17] and
programmed [18] by Norcross.

Tvo approaches have principally becen used in atomic physics
to obtain Wk and E,. In the first, adopted by Burke et al. [3)

k
the Hamiltonian is divided into two parts



v

W=

sher 3
h)

E 2N Clas SELRIM P § ST

o1

ek

it e

n .
V.(r). The voerisosentz o o, oant b | ard elpemts ger T oage
) 1= s
d"l'-l:x:;.‘_'i ! L I S el it Lo et
et
(+ 1 i+, .) LS.
] A £ ar
lﬁq.l:':r!-.!:l e A T I i SIS LIS SCHM & SO S S N T ot
diar Tt et . PR S S .
-1 e . - . . .t . .
[T PR Pt Ll P N T BT : * Lt HE T
| X TEIE S .t
e el o T : T
ol - * " v . L P
. CECE | .
an.al- - L. Lot . ot M .
El: ; :
A I L
1 . . r
'.h . ’) Ve . - '... - . ! [
1
whiao!, . R ot Jit B
 Ber g S I ool : L 17 )
1T el R . : e T TN - : N
STH v et B L T e N E I B B B IO
The w2 ioae L S N T P S L S S R X
Can be perter-cr o raelfTo0 L wener, 1 sL T 0L ar wel o thy
proble oowbipo bk ornaise sevor o elevt o B ETSEN JIKE A
cant electrosiie snterohoan b G aplanee, Tttt o Lrvtrar:ly
choon bicn moo ! Tove Ll faltory e ren e oL b Yoo, r.
adepenten - opr et

Teo ol

atomic phynaer .

re

e e Leen EN ]".'.- e

1i=1tvd tases

i

Vioant Tee [te) Lave uweed an

re



eigenchannel approach te sludf the e ¢ Ar’ interaction in the
phcleaicnizatien of Ar. This metlod esseatially adiusts the
boudary conditrons (2.4) 1n vach chaznel so that an cvigenvelue
Ek falls at tk- eperoy E of intersst. Shimamera [24) has indi-
cated bow this appruarh miplhit be extesaed to preblems with long-

yange poicntiala. Gherai and Neatet [19] have ased ancther

appr-oah whine i erraamaaliy rtenzrtrr e eguation Yor the AL as g
: in
seb oof Yo equationr Lt ek cnenay BE. Since the soluls nood

aset o luneor o pstienn dn bk mere repdid than the diagenali-
Zatizn of a2 matric ol eavalent dine oo, this methiod may be
turll c o oraps ! oenly oa foo enercoos arve regrined.

uriler o T fer o drr. Uit ot ca o wesaihnenses an the ahove
metde L have v oo disiusnet an e literatare. SLlamura 5] haz
chenn Lo o oYt ron g o vintinucs wave runctien at the Rematrix
Lol ton aentatorn enrrentiy evatualed in the theory, and
2oy o v al oo Nave sk hew o vartationaliy correct the

lever ¢ vt 2 b, ol '_"__l_ (.'._;:_‘, for the eficet ot the hark

3
Iy ono Dotvl gl L pievied an the fiarte matraix doagecnalization.
b Crrigtatoopal Nt of the Methiods

Th- =aier oo mtetsea) tanit s ratiax wethods is the cal-
Culato. noand dr o nleiratcen otoa Bompitonian matlrex. HE I
eytingient e e e blonm of cent, urataon materaction o roeund
statos, and 2 the sase well=tred amailyt:ce and nurerical pro-
21} can be usad. The pethods are

tedurer and roeruter cedes 1D

1 ]
alte e~ akal to e of nu ernical crrorn which can cevuar in
ditvel ne-ei:oal integration of the clore=coupling eguat tehis,

soae ey deal waith ointenrals of boasis tusctiens which can e
evatated wmath kaigh precasron. Further we may casily add spin-

e:tat te s and et relatavisiice teans to the Hamiltemian since

s A few addatiom? antegrals aced be ealculated,
Scme conments abour the practacal aspects of usang the

oerthicronal ard arb:trary basis set methods are reguired. The



avbitrary banis methzd deuen et haild any of the phyoacs of the

problen tnto the basin a prisri. Rather at relies on usar, the

cation of the Bl gperatos

simul tuncons diavenaizratoon and a0l
Lo obtain accurats Reuatrix eijensuluticops, whith =iy nol kouwewer
be sequential,

Imvocontrmant the orttogand banis tethl? boslde enent;ai
phwsics datn the soventin] Vooant wdds on el alut e s o
tially  The peti bl theser (0 ol e s dn e chiat o e Lot
Multi-Coafiotrational flartree-ioa s an! Loperg 2e. i on 0f Cun=
figoratcoen vetheel of boupd ratle cadonletirnn, ard 2t oL 1o Ve

exXpuetted thotl thee wrlltroery basrn pet sl 0oy vy Ve L
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Rowever there noodin or ob pelnnnioney, Yo o ob et L
omintion G omrgnaliornt jartn o ed fenaln o noong oo oan YL Liniiie,
basin metheod swhsch an et pae snt s the catio s sy iy o
5 Reowtt e R Voo
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free=free Brercat sabilut g and opt ocal har ey et oo, ot A
review ot thi worl hae been piven by oo 1500 Te farditate
gquantitative allu-tiats e of wome of the cerputalional poants
dincnrcd g the pe e sedtieonn, = widl o resteict caresive U

thene vramples.,
9a Elastic Seatterine of Klectien by ter ne Felagm

Absolute values of elastic seatteries phase shifts for
atomic helium ave required Lo serve as a measarenent tandard foor
future expements.  Rernangton, et al. [1] have recently per-
formed an R matrix calvulation for electron=helaun scatternit in

wvhich they claim miaxioum crrots of 1% in the s=wave phase shatft,
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tharsel couplings.  Furtler, they adjusnted the leparithnic deriv-
alive h‘ in cach channel to give most rapid converjence of the
K-eatrix banis set,  Usinge the minimem principle discussed above
and fitting of the phase shifts to effective range formulae, they
ave able Lo paie ;slimdlnﬁ af hath the magnitude and sign of the
error in phane shifts and ¢ross sections. We show a plot of the
momventua Lranfer cross section in Fip. 3. AL all the energies
here they provide their thearetical error estimate they obtrin
the correet nipn, and at all eonergies they lie well within the

2% exprrinental error bars,
ob Attachrent Fueranies

An anpo: tent developizent in the use of R-matrix theory has
been the determination of bound state encrgics and wave functions
for the (N + 1)=clectron rystem. In this case we run the code as
a colhision problem with all chanacls closed, and look for the
cigenvalues which give a centinwous wave function at the Rematrix
boundury. Sume of the impressive resulte obtained by LeDournceuf

[12] wath this method are given in Table T for C-. N., and 0.

TABLE 1

Attackuent Energies (in eV) of Cargon, Nitrogen and Oxygen Atenis
c N 0
ﬁso 2D° 3pc 2po
Experiment 1.262 .035 -.050%.050? 1.462
R=matrix 1.228 .001 0.004 1.412
¥ 350 -2.150 -0.542
B.G. 1.211 -.275 =0.582 0.9¢3
§.0.C. 1.11 =0.52 1.13

This table clearly shows the limitations of the standard struce
ture methods, such as Hartree=Yock (M.F.) (8], Bethe-Goldstone
(B.G.) [16] and Superposition of Configurations (8.0.C.) For



example, the most exteasive §.0.C. calculataion: of Sazala and
Yoshimine [22], which includes as many as 2649 confivur:taiius for
0, has an crror of 0.33 ¥ for 0 and nearly 0.5 eV tar 8. The
R=matrix method, which is bazically a collinicnal apprreach,
councentrates dircélly on the enerpy diffcrence botveen the target
ground state and negative jon prousd state, and in all varen s

in reasonable aprecment wth experisent,
Sc Photeivnrstion of St.omie Ylemdne,

An amportant conseguence of the luasu section iz thal for
photoionisation one can evaluate botk the bound and centinaun
wave functions withia the ciectron=plooave e o G0 ey el
vith the wome basis fundiions, and thes treat both an the neme
footing (i.e., with the saue correlaticae effect. in beth) In
this vay we can ebtain accarate jenzatien thre:hel! eper 1ox,
and thus resonsnce peniticns, and can itolude the aionnt ot
corrclation required to obtain goou apreement betseen the leseih
and velocity forms of the cross section, A particalar!y seuna-
tive cane s the open=thell atem Altiinua., For this case theare
is considerable eanfiguration interwetion in heth th s 5= gl (N ¢
-electron systemn. In Fig, &, we shew the lengsth pheisienica-
tion spectrum frem the R-matrix calenlation of Le Deanent, et
al. [13] comparcd with the experizentel :pectium of Evteva, ot
al. [9]). The abuolute magnitudes of the crors sections, oot
cumﬁarvd here, lie withan a few peroent of one another. It
should be noted that the Rematrmix calealatien aciusately sepre-
gents Lhe zl)" autuvionication spectrun vhineh s stronaly perturbed

9 " i ’ .
by carrclation X, functions such as 15" 25" I‘h R T PO
Yy XJ I

7 Concluding Rerrks
We can definitely say that R-matrix methols ave an estab-
lished useful tool for selving atomic scattering problems.

However, these meshods are still far from their final develop-

ment.  Ald) of che above dizcussion has involved the solution of



o L
b .ll‘ "
[}
> 1y ! L.
Ik ) | i
- - . [1 L
— 11 .\ ' 1 '!‘ i
r . .. . !
-:' l'.‘. o 'A'q‘. ' j' ' 'l
4 .- : r o ' | ]
2 "! ' O:\. " 1".: |I.|
w N [ s
H M '. . LR
i IR
Lol 1wt 192
:r' = .“_:') ind -8 161 e '
3o P T el 5 16 | g

. i'-";' (-‘u) i d ‘5 '6. )

Treseqr'sg’ goaee o2 2o (V)
—

. e 1!
\\\\ ! \\\éxﬁ l
R IR AL

Pae'e ' %)

Fig, 4. Comparei-n ot the lersth phetCoagenization cross=section
of Lebaaaen: e ool U] wath the exversoeatal recults
ot Entesa ot all )0 The enerey seale has hoen ad fien el
so that the thearetical and experimental A1 (i) thresh-
oldn ciancade,
coupled=channe! prohieas in terms of unconpled-channel hases.
Hany coupled hannel sero-order problems are extienely tractable
to solut,;cn, e.p., Lthe no~eschangpe vluhv-cuupliun cquations, and
conld pos:ably provide much more rapidly convergent bases than
thuse tried so far.
There is alwo the problem of two low encrpy el :ctrons in the
contimuum. An Rematrix calculatiun should he particularly appro-

priate for this problem since the two clectrons correlate with



the other clectrons only when they are within the residual ion

charge clould, and outside of Lhis repion a correlated asymptotic

form of their wave function has been discussed by Peterkop [20).

This subject has been discussed furthier by Fano and Inckuti [10]).

10,

11.
12.

13.
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